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Abstract 
When vehicles are riding on uneven roads, they are excited  to vertical vibrations described by linear equations of motion. The vertical vibrations of the 
vehicle determine the characteristics of the stationary driving force needed to control and maintain a constant velocity. More realistic is the inverse 
problem of a constant driving force meanwhile the velocity process of the vehicle is stationary, fluctuating around a mean value as the consequence of 
the random up and down of road surfaces. First and second order road profiles are modeled by linear filter equations under white noise which allow for- 
and backward drives. The contact between road and vehicle leads to a nonlinear resistance force determined by the damper and spring force of the 
vehicle multiplied by the road process which represents the vertical road velocity relative to the moving vehicle. 
The paper investigates new resonances of linear half-car models on road. For multi-body vehicle systems with n wheels on road, the classical covariance 
matrix equation is extended by double sums of exponential matrix functions in dependence on time differences effected by each wheel pair. Applications 
are given for half-car models with two wheels and four degrees of freedom. In case of nonlinear quarter car models with one and a half degree of 
freedom, calculated velocity fluctuations show mean velocity jumps and new bifurcations to bimodal probability densities when the driving force 
approaches the critical value where the vertical car vibrations become resonant. The original problem of maintaining of constant car velocities, however,  
leads to largely distributed force distributions of Gaussian product processes which are physically difficult to realize.  
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1. Introduction of dynamic models of random road profiles    
Fig. 1 shows evaluations of typical road profile measurements [1] performed in the way domain by plotting the 
calculated power spectra versus the way frequencies in double-logarithmic scales. In this representation,  the spectral  
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density distributions are almost linear with one strong perturbation in the middle frequency range caused by plastic 
deformations through heavy traffic when cars are slowing down or brake e.g. in front of traffic lights. The plastic 
deformations are even stronger on dirt roads or byways with unpaved sandy surfaces. To approximate these spectral 
distributions at least in limited frequency ranges, it is proposed in [2] to apply the scalar first order filter equation  
 
ܼ݀௦ ൌ െπܼ௦݀ݏ ൅ ߪ݀ ௦ܹǡܧሺ݀ ௦ܹଶሻ ൌ ݀ݏǡሺͳሻ 
 
where ܼ௦  represents the one-dimensional road profile in dependence on the way coordinate ݏǤ The parameter π 
denotes the corner way frequency with inverse length dimension. The stochastic filter equation (1) is driven by the 
Wiener increment process ݀ ௦ܹ which is homogenous and normally distributed with zero mean and square mean݀ݏ. 
The intensity parameter ߪ  determines the averaged strength or the mean height of the road profile. The 
homogeneous solution of Eq. (1) is investigated by means of the Fourier transform ܨሺ݅ݓሻ ൌ ߪȀሺ݅ݓ ൅ πሻwhich is 
multiplied by its conjugate complex version in order to obtain the power spectrum and its mean square, as follows:  
 
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ିஶ
 ߪ
ଶ
ʹπǤሺʹሻ 
 
The integration of the power spectrum ܵ௭ሺݓሻover the way frequencies ȁݓȁ ൏ λ leads to the mean square ߪ௭ଶ, noted 
in Eq. (2). Fig. 2 shows the power spectrum ܵ௭ሺݓሻrelated to its mean square and plotted versus the way frequencies 
ݓ in double-logarithmic scales for three different corner frequencies π ൌ ͳǡͳͲǡͳͲͲǤ The results obtained, are plotted 
by smooth colored lines. They are overlaid by rough black lines calculated by means of numerical solutions of Eq. 
(1) and FFT-routines. The numerical integration is performed by means of stochastic Euler schemes or higher order 
stochastic Taylor schemes [3]. The Wiener increments ݀ ௦ܹ are simulated by ο ௦ܹ ൌ ξοݏ ௡ܰ where οݏ is the way step 
and ௡ܰare normally distributed numbers with zero mean and unit mean square ܧሺ ௡ܰሻ ൌ ͳǤ    
 
           
 
Fig. 1. Measured spectra of road profiles plotted vs                    Fig. 2. Power spectra of first order road models   
          way frequencies in double-logarithmic scales                             simulated for three corner frequencies  Ω               
 
Following [4], the FFT routines are applied for ܯ ൌ ͳͲସway pieces of length ܮ ൌ ͳͲ which are scanned by the 
way step size οݏ ൌ ܮȀܰ for ܰ ൌ ʹଵଷ  samples. The obtained spectrum is discretized by οݓ ൌ ʹߨȀܮand finally, 
scaled by the mean square of all ܰܯsamples in order to satisfy Kolmogorov’s consistency condition. When 
vehicles are riding with velocity ݒҧon roads, the applied road model (1) must be transformed from way to time 
domain by means of the way increment ݀ݏand correspondingly scaled noise elements, as follows: 
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݀ݏ ൌ ݒҧ݀ݐǡ݀ ௦ܹ ൌ ξݒҧ݀ ௧ܹǡݒҧ ൒ ͲǤሺ͵ሻ 
 
According to Itô’s theorem [5], the squared noise increments of ݀ ௦ܹand ݀ ௧ܹin Eq. (3) lead to ݀ݏ ൌ ݒҧ݀ݐ when the 
limiting procedure to vanishing way-noise increments is performed in correspondence to the stochastic calculus.  
2. Spectral analysis applied to half-car models riding on roads  
Provided that the velocity of vehicle is not negative, the way-time transformation (3) can be applied in Eq. (1) in 
order to obtain the transformed filter equation and its power spectrum, as follows: 
ܼ݀௧ ൌ െݒҧπܼ௧݀ݐ ൅ ߪξݒҧ݀ ௧ܹǡܵ௭ሺ߱ሻ ൌ
ߪଶݒҧ
ሺݒҧπሻଶ ൅ ߱ଶ Ǥ ሺͶሻ 
The road spectrum ܵ௭ሺ߱ሻobtained in Eq. (4), has already been introduced in [6] and in [7] . Its integration leads to the 
same variance ߪ௭ ൌ ߪ ξʹπΤ ǡ already calculated in Eq. (2). This invariant property is utilized in the book of Popp 
and Schiehlen [8] to derive corresponding way-time transformations in the frequency domain. For first investigations, 
the dynamic road model (4) is applied as base excitation of a half-car model described by the equation of motion 
 
ሷܺ௧ ൅ ʹܦ߱ଵܺ௧ሶ ൅ ߱ଵଶܺ௧ ൌ ܦ߱ଵ ሶܷ௧ ൅ ߱ଵଶ ௧ܷȀʹǡ ௧ܷ ൌ ܼ௧ା்Ȁଶ േ ܼ௧ି்ȀଶǤሺͷሻ 
 
As shown in Fig. 3, the half-car model is symmetric; i.e. the vertical and rotational vibrations are decoupled. Both 
are characterized by the natural frequency ߱ଵand the damping coefficient D. The half-car model is excited by ௧ܷ 
generated by the road profile ܼ௧at the times  ݐ ൅ ܶȀʹ and ݐ െ ܶȀʹ through the front and rear wheels, respectively. 
Sum and difference in Eq. (5) stand for the vertical displacements and angle vibrations, respectively.  
     
Fig.  3. Half-car model with two wheels riding on                  Fig. 4. Related rms-values of vertical car vibrations       
random road profiles with constant velocity                    versus the speed parameter for four axle distances 
 
According to [9], the spectral analysis of Eqn. (4) and  (5) leads to the power spectrum  
 
ܵ௫ሺ߱ሻ ൌ
ߪଶݒҧሾͳ േ ሺ߱ܶሻሿሾ߱ଵଶ ൅ ሺʹܦ߱ଵ߱ሻଶሿ
ʹሾሺ ଵ߱ଶ െ ߱ଶሻଶ ൅ ሺʹܦ߱ଵ߱ሻଶሿሾ߱ଶ ൅ ሺݒҧπሻଶሿ
ǡ ȁ߱ȁ ൏ λǤ 
For the positive sign in ܵ௫ሺ߱ሻ, the spectrum above is integrated over all frequencies ȁ߱ȁ ൏ λ in order to obtain the 
root-mean-square (rms) ratio [10] of the stationary response related to the excitation rms, as follows:   
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ߪ௫ଶ
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൅ ߥʹξͳ െ ܦଶ ሾ͵ ൅ ߥ
ଶ െ ሺʹܦߥሻଶሿ݁ି஽ఈఔ  ቀߙߥ ඥͳ െ ܦ
ଶቁሽ ͳȀʹߥସ ൅ ʹሺͳ െ ʹܦଶሻߥଶ ൅ ͳǤ 
In Fig. 4, the rms-ratioߪ௫ ߪ௭Τ  is plotted versus the speed parameter ߥ ൌ ݒҧπȀ߱ଵ applying the linear scale in the first 
half part and the hyperbolic scale by ͳȀሺʹ െ ߥሻ in the second one. For the axle distances ߙ ൌ ܽπ ൌ Ͳλǡ the 
rms-values are marked by black lines showing one resonance near ߥ ൌ ͳǡonly. For the more realistic axle 
distancesߙ ൌ ͳ and ߙ ൌ ͷǡ the rms-ratios are marked by blue and red lines, respectively. In the under-critical speed 
range, both colored lines show sub-resonances effected through the time-shifts of the two wheel excitations.                      
3. Co-variance analysis of multi-body vehicle-road systems   
Without any loss of generality, the two time shifts in Eq. (5) can also be inserted into the Wiener process in Eq. 
(4) in order to generate the two ground excitations at the front and rear wheel, separately, as follows:  
௧ܵ ൌ ܼ௧ା் ଶΤ ǣ݀ ௧ܵ ൌ െݒҧπ ௧ܵ݀ݐ ൅ ߪξݒҧ݀ ௧ܹା் ଶΤ ǡܳ௧ ൌ ܼ௧ି் ଶΤ ǣ݀ܳ௧ ൌ െݒҧπܳ݀ݐ ൅ ߪξݒҧ݀ ௧ܹି் ଶΤ Ǥ 
The introduction of the two road processes and the car velocity ௧ܻ into Eq. (5) leads to the first order system  
݀ܺ௧ ൌ ߱ଵ ௧ܻ݀ݐǡ݀ ௧ܻ ൌ െሾʹܦ߱ଵ ௧ܻ ൅ ߱ଵܺ௧ ൅ ሺܦݒҧπ െ ߱ଵ ʹΤ ሻሺ ௧ܵ ൅ ܳ௧ሻሿ݀ݐ ൅ ܦߪξݒҧ൫݀ ௧ܹା் ଶΤ ൅ ݀ ௧ܹି் ଶΤ ൯Ǥ 
Therewith, the vectorࢂ௧ ൌ ሺܺ௧ǡ ௧ܻǡ ௧ܵ ǡ ܳ௧ሻԢ  of the total road-vehicle system is four-dimensional, described by the 
following stochastic vector differential equation 
݀ࢂ௧ ൌ ࡭ࢂ௧݀ݐ ൅ ࣌௣݀ ௧ܹା் ଶΤ ൅ ࣌௠݀ ௧ܹି் ଶΤ ǡ࣌௣ᇱ ൌ ߪξݒҧሺͲǡ ܦǡ ͳǡ ͲሻǤ  
Provided that the solution of this vector equation is stationary, it can formally be integrated in order to obtain  
ࢂ௧ ൌ ׬ ሾ࡭ሺݐ െ ߬ሻ௧ିஶ ሿሺ࣌௣݀ ఛܹା் ଶΤ ൅ ࣌௠݀ ఛܹି் ଶΤ ሻǡ࣌௠ᇱ ൌ ߪξݒҧሺͲǡ ܦǡ Ͳǡ ͳሻǤ  
The two four-dimensional vectors ࣌௣ᇱ  and ࣌௠ᇱ determine where the Wiener increments are applied, respectively 
which row of the system matrix ࡭ of the total road-vehicle system is completed by additive white noise.  
Accordingly, the stationary behavior of extended road-vehicle models are described by the vector solution 
 
ࢂ௧ ൌ න ሾ
௧
ିஶ
࡭ሺݐ െ ߬ଵሻሿ෍ ࣌௜
௡
௜ୀଵ
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௝ୀଵ
ߦ൫ఛమି்ೕ൯
௧
ିஶ
ሾ࡭ᇱሺݐ െ ߬ଶሻሿ݀߬ଶǡ 
where ݊is the number of wheels and ࡭ is the matrix which contains all parameters of the road model and the vehicle 
system. The vector ࣌௜determines those rows in ࡭where the white noise process ߦ௧ ൌ ݀ ௧ܹȀ݀ݐ is applied in order to 
generate the time-delayed road profiles for all ݊wheels of the whole road-vehicle system. The vector solution ࢂ௧ is 
multiplied by its transposed formࢂ௧ᇱ . Subsequently, the expectation operator ܧሺήሻ is applied to the product of both 
vector solutions what finally leads to the matrix equation of all stationary co-variances, as follows: 
࡭ܧሺࢂ௧ࢂ௧ᇱ ሻ ൅ ܧሺࢂ௧ࢂ௧ᇱ ሻ࡭ᇱ ൅෍ ࣌௞࣌௞ᇱ
௡
௞ୀଵ
൅෍෍ ࡭ሺ்ೕି்೔ሻ
௡
௃வ௜
࣌௜࣌௝ᇱ ൅෍෍ ࣌௜࣌௝ᇱ݁൫்೔ି்ೕሻ൯࡭ᇲ
௡
௃ழ௜
ൌ ͲǤሺ͸ሻ 
The first three terms of the co-variance equation (6) represent the classical form which now is extended for non-
vanishing time delays ௜ܶ െ ௝ܶ  through the exponential function of the vehicle-road matrix multiplied by the time 
delay of each wheel pair. Note that the co-variance matrix ܧሺࢂ௧ࢂ௧ᇱ ሻto be calculated by Eq. (6), is symmetric. 
Fig. 5 shows a typical half-car model with four degrees of freedom riding on road with one front and one rear 
wheel. At both wheels, the low-pass road profile ܼ௧, defined in Eq. (4), is acting with the time delay  ܶ ൌ ܽȀݒҧǡ 
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where ܽ  and ݒ  are the axle distance and the car velocity, respectively. Further car parameters are the circle 
frequencies ߱ଵଶ ൌ ʹ݇Ȁܯ and ߱ଶଶ ൌ ܿȀ݉ǡ the damping ʹܦ߱ଵ ൌ ʹܾȀܯǡthe mass ratio ߤ ൌ ܯ ሺʹ݉ሻΤ and inertia ratio 
ʹߩ ൌ ܽ ඥܬ ܯΤΤ  where M and m are the masses of the car body and the wheels, respectively. The coefficients ݇and c 
belong to the upper and lower springs, respectively. Furthermore, ܾ  is the damping coefficient of the wheel 
suspension and ܬ is the moment of inertia based on the center of gravity of the car bodyܯ. The four equations of 
motion and the two road equations lead to a ͳͲͳͲ system matrix ࡭ and to the ten-dimensional excitation vectors  
࣌ଵ ൌ ൫ͲǡͲǡͲǡͲǡͲǡͲǡͲǡͲǡ ߪξݒҧǡ Ͳ൯ᇱǡ࣌ଶ ൌ ൫ͲǡͲǡͲǡͲǡͲǡͲǡͲǡͲǡͲǡ ߪξݒҧ൯ᇱǡ .      
when the two road equations are putted in the last two rows of matrix ࡭Ǥ Therewith, all ͳͲݔͳͲco-variances in Eq. 
(6) can be calculated. In Fig. 6, the related rms-values ߪఈȀߪ௭of the wheels ( ߙ ൌ ͳǡʹሻand car vibrations ( ߙ ൌ ݔǡ ݕሻ 
are plotted versus the speed-frequency ݒҧπ  applying two different linear scales in the first two thirds and the 
hyperbolic scale in the last third of the picture. The selected parameter values are ߱ଵ ൌ ͳǡ߱ଶ ൌ ͳͲǡ ܦ ൌ ͲǤͳǡ ߤ ൌ
Ͷߩ ൌ ʹǤ The vertical and angle vibrations of the car body are marked by red and green color, respectively. 
Blue and cyan lines belong to the displacement vibrations of the front and rear wheels. Interrupted and solid lines 
represent vanishing and infinitely large axle distances, respectively. Colored lines with a black center stand for the 
realistic axle distance  ܽπ ൌ ͷ showing typical sub-resonances in the lower speed range. Note that green interrupted 
lines are plotted at the bottom in Fig. 6. They vanish since car angle vibrations are not excited for  ߙ ൌ ܽπ ൌ ͲǤ   
 
       
Fig. 5. Half-car model with four degrees of freedom                 Fig. 6. Related rms of vertical and rotational car  
and two wheel excitations with time delay ܶ ൌ ܽȀݒҧ                   vibrations plotted versus the velocity frequency   
 
4. Quarter car models riding on narrow-banded road profiles   
The applied road model is extended to oscillatory equations and implemented as base excitation of the quarter car 
model, shown in Fig. 7. Accordingly, this road-vehicle system is described by the two coupled oscillator equations  
 
          ܼ݀௧ ൌ ݒҧπ ௧ܷ݀ݐǡ݀ ௧ܷ ൌ െݒҧπሺʹߜ ௧ܷ ൅ ܼ௧ሻ݀ݐ ൅ ߪξݒҧ݀ ௧ܹǡ                                              (7) 
           ݀ ௧ܻ ൌ ߱ଵܺ௧݀ݐǡ݀ܺ௧ ൌ െʹܦሺ߱ଵܺ௧ െ ݒҧπ ௧ܷሻ݀ݐ െ ߱ଵሺ ௧ܻ െ ܼ௧ሻ݀ݐǡሺͺሻ  
 
where Ω is the middle way frequency of the road excitation and the coefficient ߜ determines its bandwidth. Eq. (7) 
is driven by white noise of intensity σ and transformed from way to time by means of the velocityݒҧ. Provided that 
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the velocity is constant, Eqn. (7) and (8) are linear. Their stationary solutions are investigated by means of classical 
spectral method. The calculated road spectra are integrated over all frequencies in order to obtain  
 
ߪ௬
ଶ
ߪ௭ଶ ൌ
ͳ ൅ ሺʹܦߥሻଶ ൅ Ͷߜߥሺͳ ൅ ܦߥଶሻ ൅ ߥଶሺߥ ൅ ͶߜሻߜȀܦ
ሺͳ െ ߥଶሻଶ ൅ Ͷߥሺܦߥ ൅ ߜሻሺܦ ൅ ߜߥሻ ǡߪ௭
ଶ ൌ ߪ
ଶ
Ͷߜπǡሺͻሻ 
 
whereߥ ൌ ݒҧΩȀ߱ଵ. The rms values of road excitation and car response are denoted by ߪ௭ߪ௬, respectively.   
In Fig. 8, the rms ratio (9) of response and excitation is plotted versus the related velocityߥ ൌ ݒҧΩȀ߱ଵapplying a 
linear scale in the first half part and the hyperbolic scaling ͳȀሺʹ െ ߥሻ  in the second one. Blue and red lines belong to 
the damping values ܦ ൌ ͲǤͳͲͷand ͲǤ͹ʹǡrespectively. Note that for vanishing excitation bandwidth ߜ ൌ Ͳ , the 
related mean square car response (9) coincides with the resonance diagram of cars riding on harmonic wave road 
surfaces. For stochastic roads ߜ ൐ Ͳǡ the mean square response is reduced near the resonance peak at ߥ ൌ ͳand 
enlarged outside the resonance range. For vanishing velocities, there are no magnifications; i.e. the vehicle follows 
the uneven road surface, identically. For infinitely increasing velocities, there are no vibrations. Note that for good 
cars and smooth roads e.g. with ܦ ൌ ߜ ൌ ͲǤ͹ʹ, the red thick rms-response is valid. In this case, one has difficulties 
to notice the resonance in practice since the maximal magnification is reduced to 20 %. Only, high over-critical 
velocities are noticed by drivers or passengers because vertical vibrations of vehicles are completely reduced for 
infinitely increasing velocities. Finally, it should be noticed that the limiting case of vanishing bandwidth is formal 
because the root mean square ߪ௭ ൌ ߪȀξͶߜπof the road excitation becomes singular forߜ ൌ Ͳ. This singularity can 
only be avoided by means of extended road models as  the Dimentberg-Wedig model of the form ܼ௧ ൌ ߔ௧where 
the angle process is defined by  ݀ߔ௧ ൌ ߱௘݀ݐ ൅ ߪ݀ ௧ܹand described in Y.K. Lin’s book [11] . 
 
   
Fig. 7. Across and along dynamics of a quarter car                Fig. 8. Frequency-response by plotting the related 
         model riding on narrow-banded road profiles                    rms-value for increasing bandwidth of the road 
 
5. Nonlinear along dynamics of quarter car models on roads  
    The above investigations are extended to the along dynamics of quarter car models. When gravity and dry friction 
are neglected, the vertical componentܰߙof the contact force is determined by the spring and damper force so 
that the horizontal component ܰߙ enters through ߙ into the horizontal dynamic equilibrium equation 
 
݉ ሶܸ௧ ൌ ܨ௧ ൅ ሾܾሺ ሶܻ௧ െ ሶܼ௧ሻ ൅ ሺ ௧ܻ െ ܼ௧ሻሿߙ௧ǡȽ୲ ൌ  ሶܼ௧Ȁݒҧ ൌ π୲ǤሺͳͲሻ 
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Obviously, the slope in the contact point is given by ߙ ൌ ݀ݖȀ݀ݏand equals the middle frequency Ω times the  
process ௧ܷ that represents the vertical road velocity relative to the moving vehicle. Spring and damper coefficients in 
Eq. (10) are given by ܿ ݉ ൌ ߱ଵଶΤ  and ܾ ݉Τ ൌ ʹܦ߱ଵǡ respectively. Eq. (10) is applied to calculate the expected value         
ܧሺܨ௧ሻof the stationary driving force necessary to maintain a constant velocity ௧ܸ ൌ ݒҧ ൌ ܿ݋݊ݏݐǤ In this case, the 
covariance analysis of Eqn. (7, 8), leads  to all co-variances needed in Eq. (10) that gives the strong mean value   
 
݉ி ൌ
ܧሺܨ௧ሻ
ߪ௭ଶπܾ߱ଵ ൌ ߥ
ଶ ߥଷ ൅ Ͷߜߥሺߜ ൅ ܦߥሻ ൅ ߜȀܦ
ሺͳ െ ߥଶሻଶ ൅ Ͷߥሺܦ ൅ ߜߥሻሺߜ ൅ ܦߥሻ ǡߥ ൌ
ݒҧπ
߱ଵ Ǥሺͳͳሻ 
In Fig. 9, this related mean driving force is plotted versus the velocity frequency ߥ ൌ ݒҧΩȀ߱ଵ  for the damping 
measure ܦ ൌ ͲǤͳͷ  and the bandwidth values  ߜ ൌ Ͳǡ ͲǤͳǡ ͲǤʹǡ ͲǤ͹  marked by blue, red, cyan and green lines, 
respectively. The calculated mean values are overlaid by simulation results marked by circles which are obtained 
applying the scan rate ο߬ ൌ ߱ଵοݐ ൌ ͲǤͲͳfor ܰ ൌ ʹǤͲͳͲ଺ samples. The applied numerical scheme is a stochastic 
Taylor expansion of 6th order [3]. Note that in Eq. (11), it is also possible to pass to the limiting case ߜ ൌ Ͳ of 
harmonic wave roads where the expected value ܧሺܨ௧ሻ of the driving force is to be replaced by its time average 
൏ ܨ௧ ൐and the excitation variance ߪ௭  by the amplitude ݖ଴  of the harmonic road profile in order to obtain the 
harmonic mean value ݉ி ൌ ߥହȀሾሺͳ െ ߥଶሻଶ ൅ ሺʹɋሻଶሿǤ 
 
   
 
Fig. 9.  Mean driving force of Eq. (11) vs velocity                  Fig. 10. Probability density of stochastic force  
   overlaid by simulation results marked by circles                     necessary to maintain a constant car velocity   
 
Further simulation results performed with the same numerical scheme, as above, are shown in Fig. 10, where the 
probability densities ݌ of the dimensionless driving process ௧݂ ൌ ܨ௧πȀܿ are plotted for fixed velocities of the vehicle. 
The simulations of Eqn. (7, 8, 10) were performed for the damping ܦ ൌ ͲǤͳͷǡthe bandwidthߜ ൌ ͲǤ͵and the road 
intensity πߪଶ ൌ ͳǤ  The selected time step was ο߬ ൌ ͲǤͲͲͳ  applied for ܰ ൌ ͳͲ଻samples. The obtained density 
distributions ݌ሺ݂ሻhave the typical form of Gaussian product processes with mean values (m.v.) marked by green 
circles in coincidence with the red backbone curve calculated by Eq. (11). Accordingly, the force process is less in 
the braking phase and much more in the tracking mode where sometimes extremely big forces are needed to keep the 
vehicle velocity constant. For high velocities e.g. ߥ ൒ ͺǡ the simulation and estimation of mean values (m.v.) have 
to be improved applying higher order schemes for greater numbers of samples.  
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6. Velocity jumps of cars under controlled driving force 
The inverse problem of controlled driving force and coupled across and along car dynamics is investigated by 
means of the Eqn. (7,8,10) assuming ܨ௧ ൌ ݂ ൌ Ǥ For these purposes, dimensionless states ሺܼ௧ǡ ௧ܷ ǡ ௧ܻ ǡ ܺ௧ሻ ൌ
ߪ௭ሺ ҧܼ௧ǡ ഥܷ௧ǡ തܻ௧ǡ തܺ௧ሻ are introduced as well as ௧ܸ ൌ ߱ଵ തܸ௧Ȁπ  and ܨ௧ ൌ ܿܨത௧Ȁπ of the dimensionless vehicle velocity and 
driving force, respectively. Moreover, time and noise are scaled by the increments ݀߬ ൌ ߱ଵ݀ݐand݀ ఛܹ ൌ ξ߱ଵ݀ ௧ܹ, 
respectively, that finally leads to the three stochastic increment equations 
 
                  ݀ ҧܼఛ ൌ തܸఛ ഥܷఛ݀߬ǡ݀ ഥܷఛ ൌ െሾʹߜȁ തܸఛȁ ഥܷఛ ൅ തܸఛ ҧܼఛሿ݀߬ ൅ ʹඥߜȁ തܸఛȁ݀ ఛܹǡሺͳʹሻ       
                  ݀ തܻఛ ൌ തܺఛ݀߬ǡ݀ തܺఛ ൌ െሾʹܦሺ തܺఛ െ തܸఛ ഥܷఛሻ ൅ തܻఛ െ ҧܼఛሿ݀߬ǡሺͳ͵ሻ       
                  ݀ തܸఛ ൌ ܨതఛ݀߬ ൅ ሺπߪ௭ሻଶሾʹܦሺ തܺఛ ഥܷఛ െ തܸఛ ഥܷఛଶሻ ൅ തܻఛ ഥܷఛ െ ҧܼఛ ഥܷఛሿ݀߬ǡሺͳͶሻ 
 
where ܦǡ ߜ and  ሺΩߪ௭ሻଶ ൌ πߪଶȀሺͶߜሻ are three dimensionless parameters determining the damping of the car, the 
bandwidth and the intensity of the road excitation. Note that the road equation (12) is slightly modified by taking the 
absolute velocity value in the excitation and damping term. Obviously, these two modifications don’t change the 
frequency transfer behavior of the road model. The modifications, however, are necessary to ensure the existence 
and stability of road profile simulations when negative velocities occur during the backward drive. 
 
    
Fig. 11. Probability density bifurcation of the vehicle                  Fig. 12. Jumps of the mean vehicle velocities at 
       velocity for critical forces in the resonance range                  the resonance peak for for-and backward sweeps  
 
   In Fig. 11, probability density distributions of the vehicle velocity are shown for different driving forces and for 
the same parameters, already applied in Fig. 10. The densities are obtained by means of numerical simulations 
performed with the time step ο߬ ൌ ͲǤͲͳthat is applied for ܰ ൌ ͳͲ଺samples. Thick red circles represent measured 
mean values of the simulated velocity processes. The blue backbone curve follows from Eq. (11). The application of 
the force sweep 2 (-0.25) 0 leads at the top of the picture to velocity densities which are narrowly distributed with 
one peak, only. For decreasing driving force, the velocity distribution becomes broader and bifurcates into bimodal 
probability densities with two peaks when the driving force approaches the critical value ݂π ܿ ൌ ͳǡΤ where the 
vertical car vibrations are resonant. For further decreasing force into the under-critical range, the velocity regains its 
former probability density with one peak and one mean value. The associated realizations, however, are growing into 
the negative direction so that vehicle judder occurs when the car velocity changes from positive to negative values. 
Note that there are minor numerical difficulties for low forces which are reducible e.g. by smaller step sizes to obtain 
smaller deviations between measured and expected means for low velocities, as well. 
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   According to [4], the coupled oscillators (12,13) of road and vehicle are rewritten into the vector form (15) 
 
  ࢅఛ ൌ ሺ ҧܼఛǡ ഥܷఛǡ തܺఛǡ തܻఛሻᇱǡ݀ࢅఛ ൌ ࡭ሺ തܸఛሻࢅఛ݀߬ ൅ ࢍሺ തܸఛሻ݀ ఛܹǡሺͳͷሻ 
݀ሺࢅఛࢅ࣎ᇱ ሻ ൌ ሾ࡭ሺࢅఛࢅ࣎ᇱ ሻ ൅ ሺࢅఛࢅ࣎ᇱ ሻ࡭ᇱ ൅ ࢍࢍᇱሿ݀߬ ൅ ሺࢅఛࢍԢ ൅ ࢍࢅ࣎ᇱ ሻ݀ ఛܹǡሺͳ͸ሻ  
 
which is applied to derive the matrix equation (16) of 4x4 road-car co-variances, needed in Eq. (14). It is less 
accurate to integrate the state equations (15), first and then to square the approximated state processes that squares 
the numerical errors, as well. Consequently, it is more accurate to integrate the covariance equation (16) and the 
velocity equation (14). Numerical solutions of Eq. (15) are only needed to complete the diffusion term in Eq. (16). 
   Since the applied time integration and time averaging are linear, both operators can be interchanged in order to 
apply the expectation, first and then the integration. Because of ܧሺ݀ தܹሻ ൌ Ͳand ܧሺࢅఛ݀ ఛܹሻ ൌ Ͳǡthe expectation of 
the diffusion term in Eq. (16) is vanishing and the covariance matrix equation (16) is simplified to the form 
 
݀ሺࢅఛࢅ࣎ᇱ ሻ ൌ ሾ࡭ሺ തܸఛሻሺࢅఛࢅ࣎ᇱ ሻ ൅ ሺࢅఛࢅ࣎ᇱ ሻ࡭ᇱሺ തܸఛሻ ൅ ࢍሺ തܸఛሻࢍᇱሺ തܸఛሻሿ݀߬ǡሺͳ͹ሻ 
 
where തܸఛis the velocity of the vehicle. Now, both Eqn. (14) and (17) are purely deterministic without any noise so 
that expectation operators can be omitted. In Fig. 12, stationary solutions obtained by fix-point iterations, are plotted 
as circles versus the velocity for back- and forward force sweeps performed for the same parameters, as before. In 
the forward sweep, the velocity growth is obviously retarded by the resonance blockade up to the maximal force 
value where the velocity jumps forward to the next possible dynamic equilibrium with considerably higher velocity. 
Vice versa, the mean velocity jumps to lower values in the backward sweep of driving forces. These jump 
phenomena are identified as Sommerfeld [12] effect known from rotor dynamics. In road-vehicle dynamics, this effect 
is vanishing for growing vehicle damping and increasing bandwidth of the road process.  
 
7. Summary and conclusion  
First investigations in road-vehicle dynamics are restricted to linear systems [6,7] where spectral representations of 
the road excitation and vehicle response are applied. To overcome these restrictions, dynamic road profiles are 
introduced in [2,3] by means of linear stochastic filter equations under white noise. These road-vehicle models 
become highly nonlinear when the velocity of the vehicle is fluctuating because of the up and down of the road 
surface and the strong coupling of the along and across dynamics [4].   
New effects which are derived in this paper are p-bifurcations of stationary vehicle velocities. The one-modal 
velocity density bifurcates into a bimodal probability density distribution with two peaks when the driving force 
approaches the critical range where the vertical car vibrations become resonant. In this case, the velocity process of 
the vehicle is fluctuating around two mean values with permanent jumps between both which become rarer for 
decreasing bandwidth of the road excitation with suitably small intensity. 
To prepare further applications to multi-body vehicles on roads [10], multi-body half-car models with n wheels are 
investigated by means of covariance matrix equations where the classical algebraic part is extended in this paper by 
exponential matrix functions of the system matrix multiplied by the time differences of all ground contacts in order 
to include ground correlation effects induced by corresponding time delays.  
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